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This paper introduces dual-arm underwater manipulators mounted on an autonomous underwater vehicle (AUV), which 
can accomplish the underwater handling task. Firstly, the mechanical structure of the dual-arm system is briefly introduced, 
wherein each 4-DOF manipulator has an additional grasping function. In addition, the kinematics model of the manipulator 
is derived by using the improved D-H method. Secondly, the working space of the underwater dual-arm system is analyzed, 
which is obtained by using Monte Carlo method. The cubic polynomial interpolation and the five polynomial interpolation 
trajectory planning methods are compared in the joint space. Finally, with the help of the Robotics Toolbox software, the 
numerical test is conducted to verify the functions of the underwater dual-arm manipulator system. 
[Keywords: Underwater manipulator; Dual-arm; Trajectory planning; Monte Carlo method] 
Introduction 
Underwater environment is highly complex, 
dynamic and uncertain1,2,3,4,5, yet the exploration and 
exploitation of underwater resources can be achieved 
by resorting to intelligent underwater robotic 
technology rather than human operators.  Underwater 
vehicle and manipulator can be applied to underwater 
missions. For instance, in the marine exploration, it can 
extract mineral in the depths of several kilometers, 
capture the biological resources of the seabed to learn 
the diversity of seabed organisms, and test the 
submarine environment. In terms of underwater 
equipment maintenance, due to low visibility, strong 
pressure, limited working space and low flexibility in 
deep water operations, the underwater manipulator is 
able to carry out these tasks in the constrained 
underwater environment. Research work on modeling, 
control and simulations of intelligent control systems, 
including advanced ship6, manipulator7, aerial robot8,9 
and marine robot10,11,12,13,14, is helpful to enhance the 
intelligent operational capability of the underwater 
robotic system. 
Robotic manipulator has attracted attentions over the 
past few decades15,16. At present, there are various 
kinds of industrial manipulators on the land, while the 
underwater ones are mainly single-armed. With the 
increasing variety and difficulty of underwater 
operations, single-armed underwater manipulator is 
hard to meet engineering needs, such as heavy objects 
salvage, and target capture. The complexity of dual-
arm manipulator and even multi-armed manipulator 
presents more challenges. 
Chang et al.17 used Lie group to build a dynamic 
model of underwater vehicle manipulator system 
(UVMS). The AMDUS (Advanced Manipulation for 
Deep Underwater Sampling) program of the European 
Union has developed an underwater hand operating 
system, whose joints are driven by motors18. The  
dual-manipulator system is designed with high motion 
precision but small snatch force. The ‘HAIMA’ ROV 
is equipped with a hydraulic dual-manipulator 
operating system with five joints19. 
The object of this research is aimed at the 
underwater dual-arm manipulator. In this paper, the  
D-H coordinate system is established based on the 
software AutoCAD. And the dual-arm manipulator 
model is built based on the Robotics Toolbox in 
Matlab. To solve the kinematics equation of the 
system, the Monte Carlo method is used to obtain the 
reachable workspace of the dual-armed manipulator by 
random sampling. In addition, the comparative 
trajectory planning is performed, based on the cubic 
polynomial interpolation and the fifth-order 
polynomial interpolation. Finally, the point-to-point 
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coordinate system of the claw link. ሺR, P, Yሻ represent 
the state of the claw link, where R, P and Y represent the 
yaw, pitch and roll angles respectively, and 𝑞ଵ~𝑞଺ represent the angle 𝜃 of each joint. By sliding the scroll 
bar of each joint angle in the command box, the size of 
the joint value can be changed. Also, the joint value can 
be directly input to the box on the right side of the scroll 
bar. The two driving modes are shown in Figure 3(b), 
reflecting the change of the orientation of the arm and 
position of the claw. 
 
Kinematic equations 
The kinematic equation of the system is established 
based on the D-H method by multiplying the 
transformation matrices between the respective links 
sequentially. The result is the transformation matrix of 
the manipulator, which is also the final homogeneous 
transformation matrix. 
According to the D-H parameters, each 
transformation matrix can be listed. For the left arm, 
there are five transformation matrices: 
𝑇଴଴ 、 𝑇ଵ଴ 、 𝑇ଶଵ 、 𝑇ଷଶ 、 𝑇ସଷ 、 𝑇ହସ : 
𝑇ଵ଴ ൌ ൦
𝑐𝜃ଵ െ𝑠𝜃ଵ 0 0𝑠𝜃ଵ 𝑐𝜃ଵ 0 00 0 1 0
0 0 0 1
൪ (1) 
 
𝑇ଶଵ ൌ ൦
𝑐𝜃ଶ െ𝑠𝜃ଶ 0 800 0 1 0
െ𝑠𝜃ଶ െ𝑐𝜃ଶ 1 00 0 0 1
൪ (2) 
 
𝑇ଷଶ ൌ ൦
𝑐𝜃ଷ െ𝑠𝜃ଷ 0 370
𝑠𝜃ଷ 𝑐𝜃ଷ 0 00 0 1 0
0 0 0 1
൪ (3) 
 
𝑇ସଷ ൌ ൦
𝑐𝜃ସ െ𝑠𝜃ସ 0 220𝑠𝜃ସ 𝑐𝜃ସ 0 00 0 1 0
0 0 0 1
൪ (4) 
 
𝑇ହସ ൌ ൦
1 0 0 308
0 1 0 0
0 0 1 0
0 0 0 1
൪ (5) 
 
Then, these matrices are multiplied to get the final 
transformation matrix: 
 
 
0 0 1 2 3 4
5 1 2 3 4 5
1 234 1 234 1 1 2 234 23
1 234 1 234 1 2 234 23
234 234 2 23 234
(80 370 308 220
80 370 308 220
0 370 220 308
0 0 0 1
)
T T T T T T
c c c s s c c c c
s c s s c s c c c
s c s s s

    
   
    
      
0 0 0 1
x x x x
y y y y
z z z z
n o a p
n o a p
n o a p

      
 (6) 
 
where 𝑇ହ଴  indicates the pose state of the claw coordinate system relative to the earth-fixed coordinate 
system; c represents cos; s represents sin; and 𝑐ଵ, 𝑐ଶଷ, 𝑐ଶଷସ represents 𝑐𝑜𝑠 𝜃1, 𝑐𝑜𝑠ሺ𝜃2 ൅ 𝜃3ሻ, 𝑐𝑜𝑠ሺ𝜃2 ൅ 𝜃3 ൅𝜃4ሻ, respectively. By substituting the joint angles into 
equation (6), the kinematic model of the left arm can be 
obtained. Similarly, the kinematic model of the right arm 
can be obtained. 
 
Workspace 
Under the premise of the inverse kinematics of the 
manipulator, the area of the end point is called the 
  
Fig. 3 — (a) Initial state of dual-arm manipulator 
 
  
Fig. 3 — (b) Arbitrary state of dual-arm manipulator 
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workspace of the robot. There are two types of 
workspace: 
 
(1) Dexterous workspace is a collection of points that 
an end effector can reach in any direction or 
arbitrary orientation. 
(2) Reachable workspace is a collection of points that 
an end-effector can reach in at least one direction 
or one orientation. 
 
In general, reachable workspace of the manipulator 
is obtained by Monte Carlo method23,24, which is 
based on probability statistics theory. The workspace 
of the manipulator is certain without randomness, but 
for the convenience of calculation, a random 
probability statistical model is constructed artificially 
to simulate the workspace of the manipulator. The 
basic principle is that each joint angle of the 
manipulator has a certain range. And some joint 
angles are determined by random numbers within the 
range of each joint angles. The set of random 
accessible points at the end of the manipulator can be 
used to form the manipulator’s workspace. 
 
A. Calculation method: Using the method of 
Monte Carlo to get the robot workspace mainly 
includes the following steps in Matlab: 
 
 1) The coordinate of the end effector, 
ሾ𝑃𝑥, 𝑃𝑦, 𝑃𝑧 ሿ^𝑇 can be related to the joint angle, which 
is calculated via the kinematic model. The coordinate 
is given as: 
ቐ
p௫  ൌ 𝐶ଵሺ80 ൅ 370𝐶ଶ ൅ 308𝐶ଶଷସ ൅ 220𝐶ଶଷሻ
p௬ ൌ 𝑆ଵሺ80 ൅ 370𝐶ଶ ൅ 308𝐶ଶଷସ ൅ 220𝐶ଶଷሻ
p௭ ൌ െ370𝑆ଶ െ 220𝑆ଶଷ െ 308𝑆ଶଷସ               
 (7) 
 
The vector expression of the end effector relative to the 
base coordinate system can be obtained by equation (7). 
2) Generate N random numbers between 0 and 1 by 
using Rand () function. Then, N random joint angle 
values of each joint can be obtained by the equation, 
 
𝑞௜ ൌ 𝑞୫୧୬ ௜ ൅ ሺ𝑞୫ୟ୶ ௜ െ 𝑞୫୧୬ ௜ሻRand（1, N） (8) 
 
where 𝑞௜ is the i-th joint angle; and 𝑞୫୧୬ ௜ and 𝑞୫ୟ୶ ௜ are the minimum and maximum angles respectively. 
3) Substitute a series of random joint angles obtained 
by equation (8) into the equation (7) to get random 
spatial points ሾ𝑃𝑥, 𝑃𝑦, 𝑃𝑧 ሿ^𝑇. Then, generate a series of 
point cloud images to obtain the workspace of the 
manipulator. 
B. Simulation analysis of workspace: In this paper, 
10000, 50000 and 100,000 random values are selected, 
and according to the range of activity of each joint angle 
given in Table 1. We use the equation (8) to get N 
random joints. The cloud points grip of workspace is 
drawn through the three functions of scatter3 (x, y, z), 
scatter (x, z), scatter (x, y) and scatter (y, z) in Matlab. 
The workspace cloud diagram of the dual arm 
manipulator is shown in Figure 4. It consists of two 
workspaces, where the left and right arms are blue 
and red, respectively. The 3-D cloud diagram of the 
dual manipulator is shown in Figure 4, while the rest 
  
Fig. 4 —The workspace cloud diagram 
(a) N=10000 (b) N=50000 
(c) N=100000 
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are the 2-D cloud diagram representing the projection 
of the workspace cloud diagram on the three planes  
x-o-z, x-o-y, and y-o-z. 
 As the number of random points increase, the 
workspace become denser and tnhe edge contours are 
more clearly visible. However, the distribution of 
random point is not uniform. Although the number of 
random points is large, some points are still sparse at 
the boundary. The end of the arm must be able to 
reach a given point, which is caused by the nonlinear 
mapping from the joint space to the workspace.  
In addition, a decrease in the accuracy of extracting 
workspace boundaries can be caused by this non-
linear mapping, which may lead to large deviation. 
 
Path planning 
The trajectory can be deemed as the path 
determined by the displacement, velocity and 
acceleration of the manipulator at any time in the 
course of motion25,25,27. Motion planning includes path 
planning and trajectory planning. The path planning 
refers to the location of the intermediate point in the 
path from the start point to the end point. The 
trajectory planning defines the way to reach the point, 
which is related to time. When the robot is working, 
the point-to-point (PTP) motion simply describes its 
starting state and target state, which is mainly used for 
gripping. For other operating environments, such as 
curved surface machining and arc welding, not only a 
starting point, but also some of intermediate points are 
required. These points are called through points and 
these motions are called continuous-path or contour 
motions. 
 When realizing the trajectory planning of joint 
space, the motion of each joint is related to time, so it 
is necessary to use the first and second order time 
derivative of the motion path to realize the plan of the 
opponent's claw trajectory. According to the inverse 
solution of the kinematic equation, the angles of each 
joint in each path are obtained, then a smooth 
polynomial function to each joint can be fitted by 
interpolation, so that it reaches the endpoint from the 
starting point along the middle point. In this way, all 
joints simultaneously reach the middle and end points. 
It is worth noting that each section of the path 
experiences the same time, but the joint function 
between each path is not interfered with. 
 A. Three-time polynomial interpolation: There are 
four unknown coefficients when applied cubic 
interpolation method: 
θሺtሻ ൌ 𝑎଴ ൅ 𝑎ଵ𝑡 ൅ 𝑎ଶ𝑡ଶ ൅ 𝑎ଷ𝑡ଷ (9)  
To solve the unknown constants, four constraints 
need to be determined at least, two of which 
correspond to the starting point of the joint angle. 
 
ቊ 𝜃ሺ0ሻ ൌ 𝜃଴𝜃൫𝑡௙൯ ൌ 𝜃௙ (10) 
Furthermore, to satisfy the continuity of the joint 
velocity, there is a constraint on the joint velocity of 
the start and end points. 
 
ቊ 𝜃ሶሺ0ሻ ൌ 0𝜃ሶ൫𝑡௙൯ ൌ 0 (11) 
 
where 𝜃଴ and 𝜃଴ሶ  represent the joint angle and 
angular velocity of the start point at t=0; 𝜃௙ and 𝜃௙ሶ  
represent the joint angle and angular velocity of the 
end point at t=𝑡௙. The speed and acceleration function 
of time can be obtained by the first-order and second-
order derivative from Equation (11): 
 
ቊ𝜃ሶሺ𝑡ሻ ൌ 𝑎ଵ ൅ 2𝑎ଶ𝑡 ൅ 3𝑎ଷ𝑡
ଶ
𝜃ሷሺ𝑡ሻ ൌ 2𝑎ଶ ൅ 6𝑎ଷ𝑡  (12)  
Equation (13) can be obtained by substituting the 
equations (9) and (12) into the four constraint 
conditions: 
 
⎩⎪
⎨
⎪⎧
𝜃଴ ൌ 𝑎଴
𝜃௙ ൌ 𝑎଴ ൅ 𝑎ଵ𝑡௙ ൅ 𝑎ଶ𝑡௙ଶ ൅ 𝑎ଷ𝑡௙ଷ
𝜃଴ሶ ൌ 𝑎ଵ
𝜃ሶ௙ ൌ 𝑎ଵ ൅ 2𝑎ଶ𝑡௙ ൅ 3𝑎ଷ𝑡௙ଶ
 (13) 
 
Four coefficients are available for solving equations: 
 
⎩
⎪
⎨
⎪
⎧𝑎଴ ൌ 𝜃଴𝑎ଵ ൌ 𝜃଴ሶ
𝑎ଶ ൌ ଷ௧೑మ ൫𝜃௙ െ 𝜃଴൯ െ
ଶ
௧೑ 𝜃ሶ଴ െ
ଵ
௧೑ 𝜃ሶ௙
𝑎ଷ ൌ െ ଶ௧೑య ൫𝜃௙ െ 𝜃଴൯ ൅
ଵ
௧೑మ
ሺ𝜃଴ሶ െ 𝜃௙ሶ ሻ
 (14) 
 
The four joints of the left arm can be studied by 
cubic spline interpolation. The initial joint angular 
value of q1 is [0 0 0 0] and the final joint angular 
value of q4 is [-90 10 -30 -35]. As shown in Table 2, 
two middle point positions 2 and 3 are inserted 
between the start position 1 and end position 4 as the 
path points. The start and end position speed are v=  
[0 0 0 0], and the instantaneous velocity of the 
intermediate point is taken as the average of the 
angular velocity of the adjacent two short paths. The 
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time of reaching position 2, 3, 4 are 10 s, 20 s, 30 s, so 
there is a time vector t= [0 10 20 30]. 
In Figure 5, the position and velocity are 
continuous, the acceleration is discontinuous and has 
mutation, which has great influence on the motion of 
the manipulator. This coincides with the cubic 
polynomial interpolation, as the second-order 
constraints are not considered in the cubic polynomial 
interpolation. 
B. Five-time polynomial interpolation: More 
constraints are needed if the trajectory performance is 
highly required, so there must be more high-order 
polynomial interpolation calculation. If a path not 
only requires the position and speed of the start and 
end points, but also requires the acceleration, at least 
five-order polynomial is required to interpolate the 
trajectory. There is: 
 
θሺtሻ ൌ 𝑎଴ ൅ 𝑎ଵ𝑡 ൅ 𝑎ଶ𝑡ଶ ൅ 𝑎ଷ𝑡ଷ ൅ 𝑎ସ𝑡ସ ൅ 𝑎ହ𝑡ହ (15)  
And six constraints need to be met: 
Table 2(a) — Joint position 
Joint No. I Position 1 Position 2 Position 3 Position 4 
1 0 -10 -75 -90 
2 0 25 20 10 
3 0 5 -10 -30 
4 0 5 -15 -35 
 
Table 2(b) — Angular velocity 
Joint No. I Velocity 1 Velocity 2 Velocity 3 Velocity 4 
1 0 -0.123 -0.131 0 
2 0 0.033 -0.025 0 
3 0 -0.016 -0.057 0 
4 0 -0.025 -0.065 0 
 
  Fig. 5(a) — Joint position, velocity and acceleration 
 
  
Fig. 5(b) — Joint position, velocity and acceleration 
  Fig. 5(c) — Joint position, velocity and acceleration 
 
  
Fig. 5(d) — Joint position, velocity and acceleration 
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3 4 5
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2
3 4 5
2 , 2 6
12 20
f f f
f f f
f f
f f f
f f
f f
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a a a t
a t a t a t
a a a t
a t a t
 
 
 
                  
 
 
，
，  (16) 
 
There is: 
 
⎩
⎪⎪
⎪⎪
⎨
⎪⎪
⎪⎪
⎧𝑎଴ ൌ 𝜃଴𝑎ଵ ൌ 𝜃଴ሶ
𝑎ଶ ൌ ఏሷ మଶ
𝑎ଷ ൌ ଶ଴ఏ೑ିଶ଴ఏబି൫଼ఏ೑
ሶ ାଵଶఏబሶ ൯௧೑ିሺଷఏሷ బିఏሷ ೑ሻ௧೑మ
ଶ௧೑య
𝑎ସ ൌ ଷ଴ఏబିଷ଴ఏ೑ା൫ଵସఏ೑
ሶ ାଵ଺ఏబሶ ൯௧೑ାሺଷఏሷ బିଶఏሷ ೑ሻ௧೑మ
ଶ௧೑ర
𝑎ହ ൌ ଵଶఏ೑ିଵଶఏబି൫଺ఏ೑
ሶ ା଺ఏబሶ ൯௧೑ିሺఏሷ బିఏሷ ೑ሻ௧೑మ
ଶ௧೑ఱ
 (17) 
 
By considering the constraint on the acceleration to 
the path, the acceleration of the start and the end point 
are 0. In addition, the instantaneous acceleration of 
the middle point is the average value of the angular 
acceleration of the two neighboring paths. The 
acceleration of each joint is shown in Table 3: 
As shown in Figure 6, the joint angular position, 
velocity and acceleration are continuous. 
C. Comparison: Based on the previous simulations, 
the cubic polynomials can ensure that the position and 
velocity of the joint are continuous. When applied to 
the manipulator, it may cause a certain impact on the 
joint motors. On the contrary, due to the second-order 
constraint in the derivation of the five polynomials, it 
ensures that the position, velocity, acceleration of each 
joint angles is continuous, so that the joint motors can 
be operated smoothly. However, it should be noted 
that, it is not absolutely accurate that higher-order 
polynomials are better than lower-order polynomials. 
In some cases, higher-order interpolation will appear in 
  
Fig. 6(a) — Joint position, velocity and acceleration 
 
  
Fig. 6(b) — Joint position, velocity and acceleration 
 
  
Fig. 6(c) — Joint position, velocity and acceleration 
Table 3 — The acceleration value of each position 
Joint  
No. I 
Acceleration 
1 
Acceleration 
2 
Acceleration 
3 
Acceleration 
4 
1 0 -0.0377 0.0402 0 
2 0 0.01005 0.00755 0 
3 0 0.01005 0.0176 0 
4 0 0.01255 0.0201 0 
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the long lattice phenomenon, that is, the insertion point 
will appear large fluctuations. 
 
Results and Discussion 
The gripping simulation of the dual-arm 
manipulator is analyzed by using the Robotics 
Toolbox in Matlab and the following functions of the 
Toolbox are introduced28: 
Jtraj function: Trajectory interpolation operation 
function in joint space returns a series of joint 
trajectory Q values from joint coordinates q0 to q1. Its 
invocation format is: 
 
ሾq qd qddሿ ൌ jtrajሺq0, q1, Nሻ (18) 
 
ሾq qd qddሿ ൌ jtrajሺq0, q1, tሻ (19) 
 
where q is the joint space trajectory (joint angle) 
sequence; qd and qdd are combined velocity and 
acceleration sequences respectively; q0 is the initial 
joint state; q1 is the joint angular state of the 
terminating point; n is the path number; and t is the 
time. 
Ctraj function: Cartesian space trajectory 
interpolation operation function returns a series of 
joint track TC from the attitude T0 to the attitude T1. 
Its path is generally linear motion. Its invocation 
format is: 
 
TC ൌ ctrajሺT0, T1, mሻ (20) 
 
TC ൌ ctraj ሺT0, T1, rሻ (21) 
 
where TC is the Cartesian trajectory; T0 is the 
initial end pose state; T1 is the position/orientation of 
the end point, m is the number of points; and r is the 
given vector length. 
According to the model of the dual-arm 
manipulator, the trajectory planning of dual-
manipulator is carried out to simulate the motion 
process of the actual gripping target. There are three 
steps: First open arms, and then slowly downward 
move to the target, and finally grip target. The path 
planning of the PTP is realized in the joint space, 
where the motion process can be divided into the 
following steps: 
In Figure 8, the process from (a) to (b) is opening, 
the process from (b) to (c) is closing, and the process 
from (c) to (d) is gripping. 
 
Conclusion 
In this paper, the kinematic modeling and 
simulation of an underwater dual-arm manipulator 
system is presented, which has 4-DOF and five 
operational functions. The forward kinematic 
equation of the manipulator is derived based on the 
improved D-H method. The workspace of the 
manipulator is analyzed, which is obtained by Monte 
Carlo method. The trajectory planning in joint space 
is presented and the similarities and differences 
between cubic polynomial interpolation and five 
polynomial interpolation are compared. Based on the 
Matlab Robotics Toolbox, the numerical test is 
conducted to verify the functions of the underwater 
dual-arm manipulator system. 
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Fig. 7 — Motion steps of dual-arm manipulator 
 
 
Fig. 8 — Motion process of dual-arm manipulator 
 
Position 1: 
q1 = [0 0 0 0 0 
Position 2: 
q2 = [0 -10 25 5 5 0] Position 3: q3 = [0 -75 20 -10 -15 0] 
Position 4: 
q4 = [0 -90 10 -30 -35 0] 
Opening 
Closing 
Gripping 
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